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Abstract 

An algorithm is constructed which allows to express conserved 
flows of hyperbolic equations in terms of corresponding conserved den- 
. sities and to eliminate these flows from conservation laws of hyperbolic 
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tions. 



equations. The application of this algorithm to canonical conservation 
laws gives constructive necessary integrability conditions of hyperbolic 
equations in terms of the generalized Laplace invariants of these equa- 



Let us consider the hyperbolic equation 

u xy = F(x, y, u, u x , u y ) . (1) 

The partial derivatives g^dyj w ^h i ■ j ^ can be eliminated by virtue 
of the equation (1) and its differential consequences. Therefore, we assume 
that all functions depend on the variables x,y,u,u,i = f^,fj = We 
denote the total derivatives with respect to x and y by virtue of the equation 
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(1) as D x and D y , respectively. These total derivatives are expressed in the 
variables 

9a; Ul du ^ q u . y ( ) g v . J 

Let us consider the differential operator 

M = D x D y + aD, + bD y + c , (2) 

where a, 6 and c are functions. 
Definition 1. The functions 

K = D y {b) + ab — c, H = D x (a) + ab — c 

are called the main Laplace x-invariant and y-invariant of the operator (2), 
respectively. 

The subsequent Laplace y-invariants Hi are defined by the formula 



Hi+i = 2Hi — Dx(Si) — H, 



i-1 ; 



where = Kq and Si is a solution of the equation HiSi = D y (Hi). 
The subsequent Laplace x-invariants Ki are defined by the formula 

K l+l = 2Ki - D y (Ri) - , 

where K_ x = H and Ri is a solution of the equation KiRi = D X (K^). 
The Laplace invariants of the linearization operator 

L = D x D y — F Ux D x — F Uy D y — F u (3) 

of the equation (1 ) are called the Laplace invariants of this equation. 

Let us denote 

ao = a, <2j + i = a% — Si] 60 — b, = hi — Rf, 

Mi = (D y + a) (D x + bi)-Ki, M_i = [D x + b) (D y + a*) - H t ; 

Vi = D x + bi] Ai = D y + af, 

A_i = l, Ai = AiO Ai-i; 

5_i = l, Bi = V i oBi_ 1 - 

Co — 1) Cj + i = A i+1 o d, 
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where i > 0. 

It is easy to prove the relationship 

CioM = V oAi- , z > (4) 

by induction on i. 

Definition 2. A function f is called a symmetry of the equation (1) if 
L(f) = 0, where L is defined by the formula (3). 

Let / be a symmetry of the equation (1) and 

p = D x (i) , p Ul = 0, % > n . (5) 
It is easy to verify that the vector field 

8 > = 'I; + + 

commutes with the total derivatives D x and D y . Therefore, applying df to 
(5) we obtain that the operator p* — D x o^, where q* denotes the linearization 
operator of the function q, 

= dq ~ (dq_ d_Q \ 

q * du + t\dv l y+ du l U *) ' 

maps any symmetry into zero. Hence, 

p* — D x o 7* = mod {L, D x o L, D y o L, . . .} . (6) 

We rewrite 



7* = »7o + E ? =i(^-i^-i + ViBi-i) ■ 



(7) 



Using the formula (4) we rewrite (6) as 

£,n Vn—1 i 

& = (A,, - 6i)(7/i) + r/i_i, i = I~n - 1 , (8) 
£_i = (Ik + F Uy )(ri_i) + r}-( i+1) Hi, i>0, 

where i7j are the Laplace y-invariants of (1), bi = —F Uy — X)}=o -^r 
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Let us denote 

$n-i(p) = £n , 

Si(p) = &+i - (D x - b i+1 )(8 i+1 (p)), i = -l,n-2, (9) 
6-i(p) = ■ ■ ■ Hofr-i - (D x - fei-O^i-iO?)), z > 2 , 

where 6j = — F Uy +Z)}=oQj) D x (Hj) = QjHj. The equations (8) imply in 
this notation that 



?7i =£i(p), i = 0,w-l, 

rj-iHi-! ...H = 8-i(p), i > . 

Since there exist fc such that j Vi = for all % > k and, therefore, r?_j = 0, 
i > k, we prove the following 

Proposition 1. If p E Im D x , then there exist k such that = 

for all i > k. 

Let us consider a conservation law 

Dy(p) = D xh), p Ul = 0,i>n. 
Repeating the slightly modified above calculation we obtain 

(D y + F u J(£ n ) = 77 n _i , 



(D y + F Ux )(ti) +£ i+1 Ki = (D x - bi)(r]i) + 7&_i , i = l,n- 1, , . 

(A/ + ^J(£o)+6^o =(^ + J P Uy )(r/ )+ 77-1^0, 1 J 



(D^ - Oi)(^ ) + Ci-t = (Ac + F u y )(v-i) + V-(i+i) H i , i > 1 , 



where £j and 7/3 are defined by (7), if, are the Laplace invariants of the 
equation (1), a ? - = — — X^Lo^r Taking into account 

(Ac - 6i-i) ° (A) T = (A-i) T ° (A* - 60 , 

. . . # (A, " Oi) = (A/ + fJo . . . # , 

H i _ 1 ...Ho{D x ^ r F Uy ) = (D x -b i )oH i _ 1 ...H , 
(Ar - 6i) o (L T ) i _ 1 = (L T ), o (D a - Si_l) , 

where i > 1, M T denotes the formally adjoint to M operator 

M T = D x D y - aD x -bD x + c- D x (a) - D y (b) , 
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we deduce from (10) 

Vn-i = (D y + F Ux )(5 n -i(p)) , 

rh =(D y + F Ux )^ l+1 )-(L l+1 ) T (5 l+1 (p)) , i = 0,n-2, 

TMffo = (D y + F u Mo) - L T (6 (p)) , 

V-iHi..! ...H =(D y + F Ux )(H^ 2 . . . Hofr-i) - (L T ) t _ 1 (5 1 _ i (p)) , i > 2 , 

where 5i(p) are defined by (9). 
Thus, we prove 

Proposition 2. lfD y (p) e Jm D x , then there exist sucn that (L T ) .(£_j(p)) = 
for all i > k. 

Proposition 3. Let the equation (1) admits a symmetry f, f Vk ^ 0, 
f Vi = for all i > k. Then 

D x (f Vk ) =0 if k> 1 ; 

F>y(tfjk(Fu + F Ux F Uy )) E Im D x if k > 5 . 

Differentiating the relationship = with respect to Vk+i,Vk and i>£_i 
we easily prove this proposition. 

It is easy to verify by induction on i that 

8-i(F Uy ) = hi-\Hi-2 . . . H , 

where h^i = (H^)^, i > I. 

The application of proposition 2 to the canonical conservation low (11) 
and the formula (L T ) i o H^i . . . H — H^i . . . H (L_i) T give 

Theorem. If the equation (1 ) has a symmetry f, f Vk ^ 0, f Vi = for all 
i > k, k > 3, then 

or 

H i = for some i, < i < k — 1 . 

Moreover, we can express and j Vi in terms of rji and obtain a first order 
partial differential system on 7. The compatibility conditions of this system 
corresponding to a canonical conservation law give additional integrability 
conditions of the equation (1). 
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